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Abstract
We investigate non-separable Banach spaces whose norm-open sets are countable unions of sets closed in the weak topology and
a narrower class of Banach spaces with a network for the norm topology which is σ -discrete in the weak topology. In particular, we
answer a question of Arhangel’skii exhibiting various examples of non-separable function spaces C(K) with a σ -discrete network
for the pointwise topology and (consistently) we answer some questions of Edgar and Oncina concerning Borel structures and
Kadec renormings in Banach spaces.
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1. Introduction
The paper is concerned with Banach spaces E for which norm-open sets are countable unions of sets closed in the
weak topology, i.e., the identity map id : (E,weak) → (E,norm) is of the first Borel class.
We call such spaces (weak-norm)-perfect. This property is essentially stronger than the property that (E,weak) is
perfect, i.e., weakly open sets are countable unions of weakly closed sets, cf. Comment 7.1. Notice that if (E,weak)
is perfect, any singleton in E is a countable intersection of weakly open sets, and hence countably many functionals
from the dual space E∗ separate the points of E.
Let us describe the contents of the paper referring for the terminology to Section 2.
A significant part of the material concentrates on function spaces C(K), where K is a separable compact space
whose set of accumulation points is the one point compactification of an uncountable discrete space. Such compacta
were considered first by Aleksandrov and Urysohn [1] and we shall call them AU-compacta.
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are countable unions of differences of weakly closed sets, cf. [24].
We shall show that the function space on the AU-compactum K(2<ω) associated with the Cantor tree is (weak-
norm)-perfect, while the function space on the AU-compactum K(ω<ω) associated with the Baire tree fails this
property, cf. Section 2.4 and Theorem 3.4.
We shall also prove that the function space on K(2<ω) with the pointwise topology τp has a σ -discrete network,
i.e., it is a non-separable σ -space, cf. Section 2.3 and Remark 3.1. This answers a question of Arhangel’skii, cf. [29],
[9, p. 206], and [27, Problem 85].
Some alternative answers to this question give also the following results: (C(L), τp) is a σ -space, provided L is a
separable linearly ordered compact space, cf. Theorem 5.5 (this strengthens some results of Sipacheva and M. Sakai,
cf. [2, Theorem 2.24]), or L = {0,1}2ℵ0 is the Cantor cube of weight 2ℵ0 , cf. Theorem 5.11.
Using a sophisticated tree constructed by Todorcevic [28], we show in Section 4 that in some models of set theory
there is a (weak-norm)-perfect function space C(K) without Kadec renorming. Since for this function space the Borel
structures in (C(K),norm) and (C(K),weak) coincide at a low level, one gets answers to some questions by Edgar
[6, p. 562] and Oncina [24, Problem 1.7].
We shall consider also Johnson–Lindenstrauss spaces JL(2<ω) and JL(ω<ω) associated with the Cantor tree and
the Baire tree, cf. Section 2.6.
As in the case of the function spaces, JL(2<ω) is (weak-norm)-perfect, while JL(ω<ω) fails this property. In addi-
tion, the space (JL(ω<ω),weak) does not embed topologically in (JL(2<ω),weak), cf. Yost [31].
Finally, it is worth mentioning that while the function space on K(2<ω) with the pointwise topology does not embed
in the function space on K(ω<ω) with the pointwise topology, these function spaces equipped with the topology of
pointwise convergence on arbitrary countable dense sets are always homeomorphic, cf. Corollary 3.5 and Theorem 3.6.
2. Terminology and some background
2.1. Function spaces
Given a compact space K we denote by C(K) the Banach space of continuous real-valued functions f : K → R
with the supremum norm. The topology of pointwise convergence in C(K) is denoted by τp .
Let us recall that a space X is scattered if each nonempty subspace of X has an isolated point, and X is perfect, if
each open set in X is an Fσ -set, i.e., a countable union of closed sets.
For any compact scattered K , the weak and the pointwise topology in C(K) coincide on norm-bounded sets. In
particular, for C(K) with K scattered, (C(K), τp) is perfect if and only if (C(K),weak) is perfect.
2.2. Kadec renormings
An equivalent norm on C(K) is a (τp-) Kadec norm if the weak (pointwise) topology coincides with the norm
topology on the unit sphere in this norm, cf. [4].
In each of the following cases C(K) admits a τp-Kadec renorming: K is an AU-compactum, cf. [4, VII, Sec. 3
or 4]; K = {0,1}S is a Cantor cube, cf. [4, VII, Corollary 1.10]; K is a linearly ordered compact space, cf. [13].
Let us notice that if a Banach space E has a Kadec renorming then, for each norm-discrete M ⊂ E, the space
(M,weak) is a countable union of scattered subspaces, cf. [11].
2.3. σ -Spaces
A network for a space X is a family A of subsets of X such that, for any x ∈ X and its neighborhood U , there is
A ∈ A with x ∈ A ⊂ U . The spaces which have σ -discrete networks are called σ -spaces, cf. [9, 4.2]. Notice that any
regular σ -space is perfect.
Any space C(K) which admits a τp-Kadec norm has the following JNR property: for any ε > 0, C(K) can be
covered by countably many sets Mn such that each Mn has a cover by sets open in (Mn, τp) with diameter  ε,
cf. [14,15,24].
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pointwise closed. Let us notice that by [14, Theorem 2.2], every weakly compactly generated (WCG) function space
C(K) which has the JNRc property is separable, hence K is metrizable, cf. Remark 2.3.2.
The next lemma follows from some standard arguments related to the JNR property, cf. [11], [24, Proposition 1].
For the readers convenience, we include a brief justification of this lemma.
Lemma 2.3.1. For any function space C(K) the following conditions are equivalent:
(i) C(K) has the JNR property and (C(K), τp) is perfect,
(ii) C(K) has the JNRc property,
(iii) there is a σ -discrete collection in (C(K), τp) which is a network for C(K).
Proof. (i) ⇒ (ii). Given ε > 0, we can write C(K) = ⋃n∈ω Mn, where each Mn has a cover Vn by sets open in
(Mn, τp) with diameters in the supremum norm  ε. Let us fix n and, for A ⊂ Mn, set A∗ = clp Mn \ clp(Mn \A) ⊂
clp A, clp being the pointwise closure. The pointwise closure does not increase the diameter, hence V∗n = {V ∗: V ∈ Vn}
is an open in (clp Mn,τp) cover of Mn by sets of diameter  ε. The perfectness of (C(K), τp) provides pointwise
closed sets Mnm with
⋃V∗n =⋃m∈ω Mnm and the sets Mnm demonstrate the JNRc property for the number ε.
(ii) ⇒ (iii). Let B =⋃m,n∈ω Bmn be a base for C(K) with the norm-distance between any two members of Bmn at
least εmn > 0. The JNRc property yields, for each pair m,n, τp-closed sets Mmnk and covers Umnk of Mmnk by sets
open in (Mmnk, τp) with diameter  εmn and C(K) =⋃k∈ω Mmnk . Then Smnk = {B ∩ Mmnk: B ∈ Bmn} is discrete
in (C(K), τp) and S =⋃m,n,k∈ω Smnk is a network for C(K).
(iii) ⇒ (i). Let S =⋃n∈ω Sn be a network for C(K) with Sn discrete in (C(K), τp). Since the pointwise closure
does not increase the diameter of sets, without loss of generality we can assume that the elements of S are pointwise
closed.
Any pointwise open set U is also norm-open, hence it is a union of the τp-closed sets Fn =⋃{S ∈ Sn: S ⊂ U}.
To check the JNR property, let us fix ε > 0 and let Mn be the union of the elements of Sn with diameters < ε. Each
member of Sn has an open trace on Mn and since S is a network for the norm topology, C(K) =⋃n∈ω Mn. Therefore
the sets Mn witness the property JNR for the number ε. 
Remark 2.3.1. The conditions in Lemma 2.3.1 imply that C(K) is (weak-norm)-perfect, cf. the proof of the last
implication.
Remark 2.3.2. By (iii) in Lemma 2.3.1, if C(K) has the JNRc property and (C(K), τp) is a Lindelöf space, then K
is metrizable. In particular, if C(K) is a WCG space satisfying JNRc, then K is metrizable.
2.4. The compacta K(2<ω) and K(ω<ω)
We shall consider a standard variation of a classical construction due to Aleksandrov and Urysohn [1, V, §1, Sec. 3].
Let ω<ω be the Baire tree consisting of finite sequences of natural numbers, with u ≺ v whenever the sequence v
extends the sequence u, and let ωω be the set of infinite sequences of natural numbers.
For any v ∈ ω<ω ∪ωω and n not greater than its length, v|n is the initial segment of v of length n.
We define
K
(
ω<ω
)= ω<ω ∪ωω ∪ {∞}, (2.1)
where the points in ω<ω are isolated, basic neighborhoods of t ∈ ωω are of the form
Vn(t) = {t} ∪
{
t |n, t |n+ 1, . . .}, (2.2)
and ∞ is the point at infinity of the locally compact space ω<ω ∪ωω (the sets V1(t) \ {t} are the branches of the Baire
tree).
The Cantor tree 2<ω is the subtree of ω<ω consisting of zero–one sequences, and
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(
2<ω
)= 2<ω ∪ 2ω ∪ {∞} (2.3)
is the closure of 2<ω in the space K(ω<ω).
Notice that Vn(t) ⊂ K(2<ω), whenever t ∈ 2ω, cf. (2.2).
2.5. The Aleksandrov–Urysohn compacta
As we have mentioned in Section 1, by an AU-compactum we mean an uncountable separable compact space K
whose set K ′ of accumulation points has exactly one non-isolated point. It will be also convenient to use the following
description of AU-compacta.
Let A be an uncountable almost disjoint family of infinite subsets of ω, i.e., the intersection of any two distinct
members of A is finite.
Let A → pA be a one-to-one correspondence between A and a set D disjoint from ω. We give ω ∪ D a locally
compact topology, declaring the points in ω isolated and basic neighborhoods of pA ∈ D of the form {pA} ∪ (A \F),
F being finite. Let KA = ω ∪D ∪ {∞} be the one point compactification of the space ω∪D, where ∞ is the point at
infinity.
The space KA is an AU-compactum, and each AU-compactum is of the form KA (the compacta K(2<ω) and
K(ω<ω) are associated with the families of branches of the Cantor tree and the Baire tree, respectively).
Let us recall that the spaces KA \ {∞} corresponding to maximal almost disjoint families A are called Ψ -spaces,
cf. [8].
2.6. The Johnson–Lindenstrauss spaces
Let K be an AU-compactum and let K ′ be the set of accumulation points of K .
We denote by ‖ · ‖∞ the supremum norm in C(K), and let 2(K ′) be the Hilbert space of square-summable
functions u : K ′ →R with the norm ‖u‖2 = (∑x∈K ′ |u(x)|2) 12 .
The Johnson–Lindenstrauss space associated with K is the space
JL(K) = {f ∈ C(K): f |K ′ ∈ 2(K ′)}, (2.4)
equipped with the norm
‖f ‖ = max(‖f ‖∞,‖f |K ′‖2), f ∈ JL(K), (2.5)
cf. [16] and [30].
Each Johnson–Lindenstrauss space admits a Kadec norm, cf. [4, VII, Sec. 3]
Let us notice that on every norm-bounded set in JL(K), the topology inherited from (JL(K),weak) coincides with
the topology inherited from (C(K),weak), and also with the topology of pointwise convergence on K .
3. Aleksandrov–Urysohn compacta with (weak-norm)-perfect function spaces
We shall prove in this section the results about function spaces on AU-compacta described in Section 1, cf. Sec-
tion 2.5. To that end we shall need a variant of a “discretization” lemma used by Haydon [12] and Namioka and
Pol [22], cf. also [3, Lemma 4.3].
The symbol τp stands for the pointwise topology, cf. Section 2.1.
Lemma 3.1. Let K be a compact scattered space. If for each finite E ⊂ R, any subset of C(K,E) = {f ∈
C(K): f (K) ⊂ E} is an Fσ -set in (C(K,E), τp), then C(K) is (weak-norm)-perfect.
Proof. Let E be the collection of all finite subsets E of rational numbers of cardinality 2, and let δE be the maximal
distance between consecutive points in E ∈ E . For any E ∈ E , we let
S(E)= {f ∈ C(K): f (K) ⊂ E}, (3.1)
X(E)= {f ∈ C(K): f (K) ⊂ [minE,maxE] \E} (3.2)
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ΦE :X(E)→ S(E), ΦE(f )(x) = max
{
e ∈ E: e < f (x)}, (3.3)
continuous in τp . Let us notice that
X(E) is an Fσ -set in
(
C(K), τp
)
, (3.4)∥∥f −ΦE(f )∥∥< δE for f ∈X(E). (3.5)
For any f ∈ C(K), f (K) is a compact scattered set of reals, and therefore, cf. (3.2),
C(K) =
⋃{
X(E): E ∈ E and δE  1
n
}
for n = 1,2, . . . . (3.6)
Now, let us fix a norm-open set U in C(K), and let
An =
{
f ∈ U : ‖f − g‖ 1
n
for any g ∈ C(K) \U
}
. (3.7)
For E ∈ E , we set, cf. (3.1), (3.3),
An(E)= Φ−1E
(
An ∩ S(E)
)⊂ X(E). (3.8)
The assumptions of the lemma guarantee that An ∩ S(E) is an Fσ -set in (S(E), τp) and hence, by (3.3) and (3.4),
An(E) is an Fσ -set in
(
C(K), τp
)
. (3.9)
By (3.5), (3.7), and (3.8), we also have
Cn =
⋃{
An(E): E ∈ E, δE  1
n
}
⊂ U. (3.10)
The pointwise topology being coarser than the weak topology, it is enough to show that U is an Fσ -set in (C(K), τp),
and hence, by (3.9) and (3.10), it remains to make sure that
U ⊂
⋃
n
Cn. (3.11)
Let f ∈ U and δ = inf{‖f − g‖: g ∈ C(K) \U} > 0. Pick n with 1/n < δ/2 and find E ∈ E with δE  1/n and f ∈
X(E), cf. (3.6). By (3.5), ‖f −ΦE(f )‖ < 1/n, hence ΦE(f ) ∈ An, cf. (3.7). By (3.8) and (3.10), f ∈ An(E) ⊂ Cn,
which justifies (3.11). 
Proposition 3.2. Let K be an AU-compactum and K ′ be its set of accumulation points. Let C(m) be the subspace of
(C(K), τp) consisting of functions f :K → {0,1} with |f−1(1)∩K ′| = m and C(∞) =⋃m C(m). Then the following
are equivalent:
(i) C(1) is an Fσ -set in C(0)∪ C(1),
(ii) C(∞) is a countable union of closed discrete sets,
(iii) C(K) is (weak-norm)-perfect.
Proof. Let us adopt the notation of Lemma 3.1 and let ∞ be the unique non-isolated point of the space K ′. We set
{0,1} = 2. Observe that
C(∞) = {f ∈ C(K,2): f (∞) = 0} is closed in (C(K), τp), (3.12)
and also, for each m = 0,1, . . .
C(m) =
m⋃
n=0
C(n) is closed in (C(K), τp). (3.13)
(i) ⇒ (ii). Let us write
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∞⋃
p=1
F(p), F(1)⊂ F(2) ⊂ · · · closed in C( 1), (3.14)
K \K ′ =
∞⋃
n=1
Dn, D1 ⊂ D2 ⊂ · · · finite. (3.15)
For each x ∈K ′ \ {∞} we fix
Vx ⊂ K closed-and-open, Vx ∩K ′ = {x}, (3.16)
and let us set, for p,q,m 1,
F(p, q)= {f ∈ F(p): ∃(x ∈K ′ \ {∞}) [suppf \Dq = Vx \Dq ]}, (3.17)
C(m,p,q) = {f1 ∨ · · · ∨ fm: fi ∈ F(p, q), suppfi ∩ suppfj ⊂ Dq for i = j}, (3.18)
where suppf = f−1(1) is the support of f and ∨ stands for the maximum of functions. Observe that for every m 1,
C(m) =
∞⋃
p=1
∞⋃
q=1
C(m,p,q). (3.19)
Let us notice that
Vx \Dq ⊂ suppf for f ∈ C(m,p,q) and x ∈ suppf ∩K ′. (3.20)
We shall check that
C(m,p,q)⊂ C(m), p, q,m 1. (3.21)
To that end, let us fix g ∈ C(m,p,q) (by (3.12), g ∈ C(∞)), and let us consider
W =
⋃
{Vx : x ∈ suppg ∩K ′} \Dq. (3.22)
Then
W ⊂ suppg and suppg \W is finite. (3.23)
The first part of (3.23) follows from (3.20), as g is in the closure of the set of functions f ∈ C(m,p,q) with suppg ∩
K ′ ⊂ suppf , and to see the second part of (3.23), let us note that suppg \W is a closed set in K without accumulation
points.
We have to check that | suppg∩K ′| = m. The inequalitym is given by (3.13). Aiming at a contradiction, assume
that | suppg ∩ K ′| < m. Then, for each finite F ⊂ K \ suppg, there is f ∈ C(m,p,q) with suppg ∩ K ′ ⊂ suppf ⊂
K \F . Since | suppf ∩K ′| > | suppg∩K ′|, by (3.17), (3.18), (3.22), and (3.23), one can find fF ∈ F(p, q) vanishing
on W ∪ F . The compactness of the Cantor cube 2K provides a function u : K → 2 which belongs to the pointwise
closure of each set {fF : H ⊂ F ⊂ K \ suppg}, where H is a finite subset of K \ suppg. Then suppu ⊂ suppg \W ,
and (3.23) shows that suppu is a finite subset of K \K ′, i.e., u ∈ C(0). At the same time, u is an accumulation point
of F(p), contradicting the closedness of F(p) in C( 1), cf. (3.14).
Having checked (3.21), we shall show that, in fact,
C(m,p,q) is discrete and closed in C(∞). (3.24)
Indeed, if L is an m-element subset of K ′, any two functions in C(m,p,q)∩ {f ∈ C(∞): L ⊂ suppf } can differ only
on Dq , cf. (3.17) and (3.18), and hence C(m) can be covered by sets open in C(∞) intersecting C(m,p,q) in a finite
set. This, and (3.21), give instantly (3.24).
Finally, by (3.19) and (3.24), each C(m) with m 1 is a countable union of closed discrete sets in C(∞), and since
C(0) is the countable set of functions with finite support disjoint from K ′, the proof of (ii) is completed.
(ii) ⇒ (iii). By (3.12), (C(K,2), τp) is a union of two closed copies of C(∞), hence by (ii), this space is a countable
union of closed discrete sets, and so is its nth power (C(K,2n), τp) for n = 1,2, . . . . Since, for every finite E ⊂R, an
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from Lemma 3.1.
(iii) ⇒ (i). The set C(0) is norm-closed and hence, by (iii), C(K) \C(0) is a countable union of weakly closed sets.
Since the weak and the pointwise topology in C(K) coincide on C(0)∪ C(1), cf. Section 2.1, this yields (i). 
Let us recall, cf. Section 2.5, that each AU-compactum K is associated with an almost disjoint family A of subsets
of ω, K = KA. Proposition 3.2 yields the following corollary, where the set P(ω) of subsets of ω is identified with
the Cantor set 2ω, i.e., A is considered as a subset of the Cantor set.
Corollary 3.3. Let A be an uncountable almost disjoint family of infinite subsets of ω. Then the following are equiv-
alent:
(i) C(KA) is (weak-norm)-perfect,
(ii) A is contained in an Fσ -subset B of P(ω) consisting of infinite sets.
Proof. Let us adopt the notation of Proposition 3.2.
(i) ⇒ (ii). For any A ∈ A let fA : K → 2 be the characteristic function of the closed-and-open set {pA} ∪ A,
cf. Section 2.5. The set F = {fA: A ∈ A} is contained in C(1), and therefore by Proposition 3.2(i), F is an Fσ -set
in C(0)∪F . Let F =⋃n Fn, where Fn are closed in C(0)∪F , and let Hn be the closure of the set Gn = {A ∈ A: fA ∈
Fn} in P(ω). Observe that Hn contains no finite sets. Indeed, if S were a finite set in Hn, then we could find a sequence
of pairwise distinct Ak in Gn converging to S in P(ω), and hence, for the characteristic function g of S, we would
have fAk → g pointwise. But then g ∈ C(0)∩ Fn = ∅, a contradiction. It follows that B =
⋃
n Hn satisfies (ii).
(ii) ⇒ (i). For any X ⊂ P(ω) define X ∗ = {X  F : X ∈ X ,F ⊂ ω finite}, where  stands for the symmetric
difference of sets. Let B be an Fσ -set in P(ω), given by (ii). Then the family B∗, being a countable union of topological
copies of B, is also an Fσ -subset of P(ω) and contains only infinite sets. Let us consider the continuous map
Φ : (C(KA,2), τp)→ P(ω), Φ(f ) = f−1(1)∩ω.
Then C(0) is the inverse image under Φ of the family of finite subsets of ω, C(1) = Φ−1(A∗), and Φ−1(B∗) is an
Fσ -subset of (C(KA,2), τp) separating C(1) from C(0). In effect, the condition (i) of Proposition 3.2 is satisfied. 
We shall consider now the function spaces on the AU-compacta K(2<ω) and K(ω<ω) associated with the Cantor
tree and the Baire tree, described in Section 2.4.
Theorem 3.4. The function space C(K(2<ω)) is (weak-norm)-perfect, while C(K(ω<ω)) fails this property.
Proof. We shall use the notation introduced in Section 2.4. In the proof we shall appeal to the condition (ii) in
Corollary 3.3, identifying the space P(ω) of subsets of ω with P(2<ω) or P(ω<ω).
(A) Let us consider the function space on K(2<ω). Recall (cf. Section 2.5) that K(2<ω) can be represented as
the space KA associated with the almost disjoint family A of branches of the Cantor tree. The map assigning to a
sequence x ∈ 2ω the branch {x|n: n ∈ ω} in 2<ω is a homeomorphic embedding of the Cantor set 2ω into P(2<ω).
Therefore, the family A is compact and the condition (ii) of Corollary 3.3 is fulfilled.
(B) We shall deal now with K(ω<ω). Again, K(ω<ω) = KB , where B is the family of branches of the Baire tree.
For any t ∈ ωω we denote the branch {t |n: n ∈ ω} by Bt . By Corollary 3.3 it is enough to show that B is not contained
in any Fσ -subset of P(ω<ω) consisting of infinite sets. To that end, let us consider arbitrary sets Bn with B =⋃n Bn.
We shall show that for some n, the closure of Bn in P(ω<ω) contains a finite set. Let us set
An =
{
t ∈ ωω: Bt ∈ Bn
}
. (3.25)
Considering ωω as the countable product of the discrete space ω, and applying the Baire Category theorem, one can
find n such that An is dense in some open set in ωω, cf. (3.25). This means that there is u = (u0, . . . , uk−1) ∈ ωk such
that
if w ∈ ω<ω extends u, then some t ∈An extends w. (3.26)
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sequence (Bti ) converges in P(ω<ω) to the finite set {u0, u1, . . . , uk−1}. 
Remark 3.1. Since C(K(2<ω)) admits a Kadec renorming, cf. Section 2.2, Theorem 3.4 and Lemma 2.3.1 show that
(C(K(2<ω)), τp) is a σ -space, cf. Section 2.3.
Remark 3.2. Let C be a maximal almost disjoint collection in 2<ω extending the collection B of the branches of the
Cantor tree, with |C \ B| = 2ℵ0 , and let us fix a bijection ϕ : B → C \ B. Then A = {B ∪ ϕ(B): B ∈ B} is a maximal
almost disjoint collection in 2<ω and Corollary 3.3 shows that C(KA) is (weak-norm)-perfect.
On the other hand, if an almost disjoint family A in ω<ω extends the collection of the branches of the Baire tree,
then the function space C(KA) is not (weak-norm)-perfect.
Proposition 3.2 shows that for AU-compacta K , C(K) is (weak-norm)-perfect if and only if (C(K), τp) is perfect.
Therefore, we have the following
Corollary 3.5. The function space on K(ω<ω) equipped with the pointwise topology does not embed in the function
space on K(2<ω) with the pointwise topology.
However, as we shall see in the next theorem, the assertion of Corollary 3.5 cannot be detected using a factorization
through countable products of the real line. This presents a contrast to the situations considered in [10,19,20].
Theorem 3.6. For any countable dense sets A ⊂ K(2<ω) and B ⊂ K(ω<ω), the function spaces (C(K(2<ω)), τA) and
(C(K(ω<ω)), τB) equipped with the topology of pointwise convergence on A and B respectively, are homeomorphic.
Actually, we will prove the following more general statement, where given T ⊂ ω<ω and an almost disjoint col-
lection B of infinite subsets of T we shall use the notation KB = T ∪ {pB : B ∈ B} ∪ {∞} introduced in Section 2.5,
replacing ω by the countable set T . By σ we denote the subspace of the product Rω consisting of all eventually zero
sequences.
Proposition 3.7. Let (T ,≺) be a subtree of the Baire tree ω<ω with uncountably many infinite branches and let B be
the family of all infinite branches of T . Then for any countable dense set D ⊂ KB the function space (C(KB), τD)
equipped with the topology of pointwise convergence on D is homeomorphic to the countable product σω.
Proof. We will identify the space (C(KB), τD) with the space CD(KB) = {f |D: f ∈ C(KB)} considered as a sub-
space of the product RD . We say that a set X ⊂ T is an initial chain in T if (X,≺) is linearly ordered and for any
t ∈X, the set {s ∈ T : s ≺ t} is contained in X. One can easily verify that the set
IC = {X ⊂ T : X is an initial chain in T } is closed in P(T ). (3.27)
Let D be a countable dense subset of KB . By [5, Proposition 5.1] it is enough to show that CD(KB) is an Fσδ-set
in RD , and by [20, Theorem 2.2] it suffices to consider the case D = T . We shall show that
Δ = {f ∈RT : f extends to a continuous function on T ∪ {∞}} is an Fσδ-set in RT . (3.28)
Let F = {X ⊂ T : ∃(A ⊂ KB) [∞ ∈ intKB (A) and X = A ∩ T ]} be the filter of traces of neighborhoods of ∞ in KB
on T . The filter F is generated by the compact set {T \ X: X ∈ IC}, cf. (3.27), hence it is σ -compact. A routine
verification shows that
Δ =
{
f ∈RT : ∀(n 1) ∃
(
p,q ∈Q and 0 < q − p < 1
n
)
∃(X ∈ F) ∀(t ∈ X) [p  f (t) q]}, (3.29)
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can be extended to a continuous function on T ∪{pB : B ∈ B}. We will verify that the space CT (KB) can be described
by the following formula, cf. [5, proof of Lemma 5.7]
f ∈ CT (KB) ⇔ (f ∈ Δ) &
(
∀(m 1) ∃(n 1) ∀(t1 ≺ · · · ≺ tn ∈ T )
∃(1 i < n)
[∣∣f (ti+1)− f (ti)∣∣ 1
m
])
. (3.30)
(⇒). Let fˆ : KB → R be the continuous extension of f . Given m  1, we can find an open cover V1, . . . , Vk of
KB such that diam fˆ (Vi) < 1/m for i  k. Set Ui = Vi ∩ T . Without loss of generality we can assume that, for each
i  k, either Ui is a singleton, or Ui = B \ {s ∈ T : s ≺ t} for some B ∈ B and t ∈ B , or else Ui = T \ (X1 ∪ · · · ∪Xl)
for some X1, . . . ,Xl ∈ IC. In each case we have:
if s, t ∈Ui and s ≺ t, then {u ∈ T : s ≺ u ≺ t} ⊂ Ui. (3.31)
Set n = k + 1, and let t1 ≺ · · · ≺ tn ∈ T . We can find i0 and j1 < j2 such that tj1 , tj2 ∈ Ui0 . By (3.31), we have
tj1+1 ∈ Ui0 , and therefore |f (tj1+1)− f (tj1)| < 1m .(⇐). Suppose that f /∈ CT (KB). Then there exists B ∈ B such that, either f |B is unbounded, or lim supt∈B f (t)−
lim inft∈B f (t) > 1/m for some m  1. In both cases we can find an infinite sequence t1 ≺ t2 ≺ · · · ∈ B such that
|f (ti+1)− f (ti)| > 1m for all i, which shows that the formula on the right-hand side of (3.30) is not valid.
Now, the formula (3.30) together with (3.28) shows that CT (KB) is an Fσδ-subset of RT . 
4. A (weak-norm)-perfect function space without any Kadec renorming
The result of this section, Corollary 4.2, will be derived form a sophisticated construction by Todorcevic [28],
providing Theorem 4.1.
The definition of the cardinal number p in this theorem can be found in [7]. We do not recall the definition, as we
shall use only some consequences of the assumption that a space has cardinality < p, stated in [7]. As in Section 3, we
shall denote by C(K,E) the subspace of C(K) consisting of functions with range in E ⊂R, and we set 2 = {0,1}.
Theorem 4.1 (Todorcevic). It is consistent with ZFC that there exists a compact scattered space T of cardinality < p
such that the function space (C(T ,2), τp) is not a countable union of scattered subspaces.
Corollary 4.2. It is consistent with ZFC that there exists a compact scattered space K such that C(K) is (weak-norm)-
perfect, but it contains a norm-discrete subset which is not a countable union of sets scattered in the weak topology.
In particular, C(K) has no Kadec renorming.
Proof. Let T be the Todorcevic space from Theorem 4.1. Since |T |< p, the space T is a continuous image of βω \ω,
cf. [7, Corollary 26I], and let K = T ∪ω be the result of attaching T to βω via such a surjection.
The compact space K is separable and scattered. To see that C(K) is (weak-norm)-perfect we shall use Lemma 3.1,
and let us adopt the notation from this lemma. Let E ⊂R be a finite set of cardinality  2, and let
Φ : C(K,E) →Eω, Φ(f ) = f |ω
be the restriction map into the Cantor set Eω. The map is continuous in τp and injective, ω being dense in K .
Since H = Φ(C(K,E)) is a subset of Eω of cardinality < p, all subsets of H are Fσ -sets in H , cf. [7, 23B]. By the
injectivity, Φ−1(Φ(S)) = S for any S ⊂ C(K,E), and therefore any subset of C(K,E) is an Fσ -set in (C(T ,E), τp),
Φ being continuous. In effect, the assumptions of Lemma 3.1 are satisfied and hence C(K) is (weak-norm)-perfect.
We shall check that(
C(T ,2), τp
)
is not σ -scattered, (4.1)
i.e., it is not a countable union of scattered subspaces. Since C(T ,2) is norm-discrete, this will complete the proof.
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→ (f |T ,f |ω) embeds (C(T ,2), τp) onto a subspace S of the product (C(T ,2), τp) × 2ω, whose
projection onto the first axis is C(T ,2). By Theorem 4.1, the first factor is not σ -scattered, and since the projection
parallel to separable metrizable axis takes σ -scattered sets to σ -scattered sets (cf. [11, Lemma 7.1]), we conclude that
S is not σ -scattered. Hence, we get (4.1). 
5. Non-separable σ -spaces (C(K), τp)
In this section we shall prove the two theorems related to a question by Arhangel’skii, described in Section 1. In
the proofs we shall check that, in fact, the function spaces we shall consider have the property JNRc, discussed in
Section 2.3.
The first theorem, dealing with separable compact linearly ordered spaces, will be preceded by several lemmas.
Let L be a separable compact linearly ordered space. Denote infL by 0 and supL by 1. Let D be a countable dense
subset of L with 0,1 ∈ D.
For a, b ∈ L, a  b and ε > 0, define
A(a,b, ε) = {f ∈ C(L): (∃x, y ∈ [a, b]) [x  y, [a, b] = [a, x] ∪ [y, b],
diam
(
f
([a, x])),diam(f ([y, b])) ε]}.
Lemma 5.1. For every a, b ∈ L, a  b and ε > 0, the set A(a,b, ε) is closed in (C(L), τp).
Proof. We will show that, for f ∈ C(L),
f /∈ A(a,b, ε) ⇔ ∃(s, t, u, v ∈ [a, b]) [s < t  u < v, ∣∣f (s)− f (t)∣∣, ∣∣f (u)− f (v)∣∣> ε]. (5.1)
The implication (⇐) is obvious. To check the implication (⇒), let us set
c = sup{x ∈ [a, b]: diam(f ([a, x])) ε},
d = inf{y ∈ [a, b]: diam(f ([y, b])) ε}.
We have [a, b] = [a, c] ∪ [d, b], since f /∈ A(a,b, ε). Clearly, c < d and there exists e ∈ (c, d). Then diam(f ([a, e])),
diam(f ([e, b])) > ε, hence we can find s, t ∈ [a, e] and u,v ∈ [e, b] such that s < t , u < v, and |f (s)−f (t)|, |f (u)−
f (v)| > ε.
From the formula (5.1) it follows that C(L) \A(a,b, ε) is open in the pointwise topology. 
Lemma 5.2. For every a, b ∈ L, a  b, ε > 0, and f ∈ A(a,b, ε), there exists a neighborhood V of f in (C(L), τp),
such that, for each g ∈ V ∩A(a,b, ε), we have |f (t)− g(t)| 3ε for all t ∈ [a, b].
Proof. Let xf , yf ∈ [a, b] be the points given by the definition of the set A(a,b, ε) for the function f . We put
F = {a, xf , yf , b} and define
V = {g ∈ Cp(L): ∣∣f (t)− g(t)∣∣< ε for all t ∈ F}.
Now, take any g ∈ V ∩A(a,b, ε). Let xg, yg ∈ [a, b] be the points given by the definition of the set A(a,b, ε) for
the function g. We have three possibilities:
(1) xf = xg and yf = yg . Then [a, b] = [a, xf ] ∪ [yf , b], both intervals [a, xf ], [yf , b] intersect the set F , and
diameters of their images under f and g are  ε. Therefore, one can easily estimate that |f (t) − g(t)| 3ε for
all t ∈ [a, b].
(2) xg, yg ∈ [a, xf ]. Then [a, b] = [a, xg] ∪ [yg, xf ] ∪ [yf , b], all intervals [a, xg], [yg, xf ], [yf , b] intersect F , and
diameters of their images under f and g are  ε. Again, it follows that |f (t)− g(t)| 3ε for all t ∈ [a, b].
(3) xg, yg ∈ [yf , b]. This case is symmetric to the previous one. 
Lemma 5.3. For every f ∈ C(L) and ε > 0, there exists a sequence 0 = a0 < a1 < · · · < an = 1 in D, such that, for
each i  n− 1, f ∈ A(ai, ai+1, ε).
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i  k. Choose one point from each set Ii ∩D, add points 0,1, and enumerate all of them as an increasing sequence. 
We are now in a position to check the property JNRc for the function space on L, cf. Section 2.3.
Lemma 5.4. For every ε > 0, there exists a countable closed cover A of (C(L), τp), such that, for every A ∈ A and
f ∈A, there exists a neighborhood V of f in (C(L), τp), such that, for each g ∈ V ∩A, we have ‖f − g‖ ε.
Proof. Let S be the family of all sequences s = (a0, a1, . . . , an) in D, such that 0 = a0 < a1 < · · ·< an = 1. For each
s = (a0, a1, . . . , an) ∈ S, let As =⋂in−1 A(ai, ai+1, ε/3). Applying Lemmas 5.1, 5.2, and 5.3, one can easily verify
that the family A = {As : s ∈ S} has all required properties. 
Lemmas 2.3.1 and 5.4 yield immediately
Theorem 5.5. For every separable compact linearly ordered space L, the function space (C(L), τp) is a σ -space.
Remark 5.1. By a theorem of M.E. Rudin [26], any separable monotonically normal compact space K is a contin-
uous image of a compact separable linearly ordered space L, hence (C(K), τp) embeds in (C(L), τp) and in effect,
(C(K), τp) is a σ -space.
We shall now pass to the second theorem, concerning function spaces on separable dyadic spaces. The main steps
leading to this result deal with function spaces C(2S) on Cantor cubes 2S = {0,1}S of arbitrary weight.
Let P = (U1, . . . ,Un) be a sequence of nonempty pairwise disjoint subsets of the set S. For every ε > 0 we define
A(P, ε) = {f ∈ C(2S): (∃ti ∈Ui, i = 1, . . . , n)[(∀x, y ∈ 2S) [(∀i  n) x(ti)= y(ti)]⇒ ∣∣f (x)− f (y)∣∣ ε]}.
Lemma 5.6. For every sequence P = (U1, . . . ,Un) of nonempty pairwise disjoint subsets of S, ε > 0, and
f ∈ A(P, ε), there exists a neighborhood V of f in (C(2S), τp), such that, for each g ∈ V ∩ A(P, ε), we have
‖f − g‖ 3ε.
Proof. Fix a function f ∈ A(P, ε) and take ti ∈ Ui , i = 1, . . . , n, such that, for all x, y ∈ 2S satisfying x(ti) = y(ti),
for i = 1, . . . , n, we have |f (x) − f (y)| ε. Let F be the finite set of all functions in 2S which are constant on the
sets S \⋃ni=1 Ui and Ui \ {ti} for i = 1, . . . , n. We put
V = {g ∈ C(2S): ∣∣f (x)− g(x)∣∣< ε for all x ∈ F}.
For each g ∈ V ∩ A(P, ε) we can find si ∈ Ui , i = 1, . . . , n, such that, for all x, y ∈ 2S with x(si) = y(si), for
i = 1, . . . , n, the inequality |g(x) − g(y)| ε holds. Take arbitrary x ∈ 2S and choose y ∈ F such that x(ti) = y(ti)
and x(si) = y(si) for i = 1, . . . , n. Then |f (x) − f (y)|  ε and |g(y) − g(x)|  ε. Also |f (y) − g(y)| < ε, since
y ∈ F . Combining these inequalities we obtain |f (x)− g(x)| < 3ε, which shows ‖f − g‖ 3ε. 
Lemma 5.7. Let P = (U1, . . . ,Un) be a sequence of nonempty pairwise disjoint subsets of S and ε > 0. For every
f ∈ C(2S) \A(P, ε), there exists a finite set F(P ) ⊂ 2S such that
∀(ti ∈ Ui, i = 1, . . . , n)[∃(x, y ∈ F(P )) [∀(i  n) x(ti)= y(ti)] & ∣∣f (x)− f (y)∣∣> ε].
Proof. Let k(P ) = |{i  n: |Ui |> 1}|. We will prove our lemma by induction on k(P ).
For k(P ) = 0, the choice of ti is unique, so one can easily get the required set F of cardinality 2 using the definition
of the set A(P, ε).
Now, assume that the lemma holds for k(P ) = k − 1, k > 0. Fix a sequence P = (U1, . . . ,Un) with k(P ) = k.
We choose ti ∈ Ui , i = 1, . . . , n, and take x, y ∈ 2S satisfying x(ti) = y(ti), for i = 1, . . . , n, and |f (x)− f (y)| > ε.
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u|G ≡ x|G and v|G ≡ y|G. Fix such u,v which coincide on S \G.
Let Ti = G ∩ Ui , i = 1, . . . , n. For every i  n and t ∈ Ti \ {ti} consider the sequence Pt = (Ut1, . . . ,U tn),
where Uti = {t} and Utj = Uj for j = i. Observe that f /∈ A(Pt , ε) and k(Pt ) = k − 1 (|Ui | > 1), therefore we
can apply the inductive hypothesis to the sequence Pt , obtaining the finite set F(Pt ). Finally, we define F(P ) =
{u,v} ∪⋃{F(Pt ): i  n, t ∈ Ti \ {ti}}.
For each choice of si ∈ Ui , i = 1, . . . , n, we have two possibilities: either ({s1, . . . , sn} \ {t1, . . . , tn}) ∩ G = ∅, or
si ∈ Ti \ {ti} for some i  n. In the first case we have u|{s1, . . . , sn} ≡ v|{s1, . . . , sn} and |f (u) − f (v)| > ε. In the
second one we can find the required pair of points in the set F(Psi ). 
From the above lemma easily follows
Corollary 5.8. For every sequence P = (U1, . . . ,Un) of nonempty pairwise disjoint subsets of S and ε > 0, the set
A(P, ε) is closed in (C(2S), τp).
Lemma 5.9. For each function f ∈ C(2S) and ε > 0, there exists a finite set T ⊂ S such that |f (x) − f (y)| ε for
all x, y ∈ 2S coinciding on T .
Proof. Let V be a finite cover of 2S consisting of basic open sets, such that, for every V ∈ V , the diameter of f (V )
does not exceed ε. Then the union of supports of all sets V ∈ V has the required property. 
From now on our set of indices S will be the Cantor set 2ω. Summing up the previous results, we shall establish in
the next lemma the JNRc property for the function space on 22
ω
, cf. Section 2.3.
Lemma 5.10. For every ε > 0, there exists a countable closed cover A of (C(22ω), τp), such that, for every A ∈ A
and f ∈A, there exists a neighborhood V of f in (C(22ω), τp) satisfying ‖f − g‖ ε for each g ∈ V ∩A.
Proof. Let P be the family of all sequences P = (U1, . . . ,Un) of nonempty pairwise disjoint closed-and-open subsets
of 2ω. Lemmas 5.6 and 5.9, and Corollary 5.8 demonstrate that the family A = {A(P, ε/3): P ∈ P} has the required
properties. 
Let us recall that dyadic spaces are continuous images of Cantor cubes.
Theorem 5.11. For each separable dyadic compact space K , the function space (C(K),τp) is a σ -space.
Proof. First, observe that (C(22ω), τp) is a σ -space by Lemmas 2.3.1 and 5.10. Since weight of K is less than
or equal to 2ℵ0 , the space K is a continuous image of 22ω . Therefore the function space (C(K), τp) embeds into
(C(22ω), τp). 
6. Johnson–Lindenstrauss spaces which are (weak-norm)-perfect
The Johnson–Lindenstrauss spaces JL(K) were described in Section 2.6.
Theorem 6.1. Let JL(K) be the Johnson–Lindenstrauss space associated with an AU-compactum K . Then JL(K) is
(weak-norm)-perfect if and only if C(K) has this property.
Proof. (A) Assume first that C(K) is (weak-norm)-perfect.
Let BJL(K) be the closed unit ball in JL(K). It is enough to check that each norm-open set BJL(K) is a countable
union of sets closed in the weak topology. Let us recall that on BJL(K) the weak topology coincides with the pointwise
topology inherited from C(K).
To check that JL(K) is (weak-norm)-perfect we shall modify the proof of Lemma 3.1.
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0 ∈ F, F− = F ∩ [−1,0) = ∅, F+ = F ∩ (0,1] = ∅,
and let δF be the maximal distance between consecutive points in F \ {0}. For any F ∈ F we let
T (F ) = {f ∈ BJL(K): f (K) ⊂ F},
Y (F ) = {f ∈ BJL(K): f (K) ⊂ [minF,maxF ] \ (F− ∪ F+)},
and we define a map ΨF : Y(F ) → T (F ), setting
ΨF (f )(x) =
{
max{q ∈ F : q < f (x)} if f (x) > minF+,
0 if f (x) ∈ (maxF−,minF+),
min{q ∈ F : q > f (x)} if f (x) < maxF−.
Observe that |ΨF (f )(x)| |f (x)|, for every f ∈ Y(F ) and x ∈ K , and therefore ΨF is well defined. Transparently,
the map ΨF is continuous in the weak topology. To reach the conclusion, we have to consider some additional sets
Y(F,p) =
{
f ∈ Y(F ): ∥∥f ∣∣K ′ −ΨF (f )∣∣K ′∥∥2  1p
}
,
cf. Section 2.6. The sets Y(F,p) are closed in (Y (F ),weak), which in turn, is an Fσ -set in (BJL(K),weak). We have
‖f −ΨF (f )‖max(δF ,1/p) for f ∈ Y(F,p), and for each p,
BJL(K) =
⋃{
Y(F,p): F ∈ F and δF  1
p
}
.
Let us fix a norm-open set U in BJL(K) and let us consider the sets, where F ∈ F ,
Bn =
{
f ∈U : ‖f − g‖ 1
n
for g ∈ BJL(K) \U
}
,
Bn(F ) = Ψ−1F
(
Bn ∩ T (F )
)∩ Y(F,n+ 1).
Since T (F ) is ‖ · ‖∞-discrete and the weak topologies in JL(K) and C(K) coincide on T (F ), the (weak-norm)-
perfectness of C(K) implies that each Bn(F ) is an Fσ -set in (BJL(K),weak).
Similarly as in the proof of Lemma 3.1, one checks that
U =
⋃{
Bn(F ): F ∈ F and δF  1
n+ 1 , n = 1,2, . . .
}
.
This shows that BJL(K) is (weak-norm)-perfect.
(B) Let us assume now that C(K) is not (weak-norm)-perfect. Then, in the notation from Lemma 3.2, C(1) is not
an Fσ -set in the space C(0) ∪ C(1) equipped with the pointwise topology, which is also the topology inherited from
(C(K),weak). Since the weak topology in JL(K) induces on the subset C(0)∪C(1) of the unit ball in JL(K) the same
topology and JL(K) \ C(0) is norm open, we conclude that JL(K) is not (weak-norm)-perfect. 
Remark 6.1. The proof of Theorem 6.1 shows that (JL(K(2<ω)),weak) is perfect, while (JL(K(ω<ω)),weak) fails
this property. In particular, the second space does not embed in the first one, cf. [31].
7. Comments
7.1. The Kunen space
Let us assume the continuum hypothesis and let K be the compact scattered space of cardinality 2ℵ0 with heredi-
tarily Lindelöf function space in the weak topology, constructed by K. Kunen, cf. [23]. Let D = {f ∈ C(K): f (K) ⊂
{0,1}}. There are only 2ℵ0 Borel sets in (C(K),weak), the space being hereditarily Lindelöf, and 22ℵ0 subsets of D.
Therefore, there is a subset of D which is not Borel in (D,weak). Since D is norm-discrete, this shows that C(K) is
not (weak-norm)-perfect. On the other hand, hereditarily Lindelöf spaces are perfect.
W. Marciszewski, R. Pol / J. Math. Anal. Appl. 350 (2009) 708–722 7217.2. A remark on simultaneous extensions of continuous functions
Let us define an embedding ϕ : ω<ω → 2<ω of the Baire tree into the Cantor tree by the formula ϕ(n1, n2, . . . , nm)=
(i1, i2, . . . , in1+···+nm+m−1), where 1 = in1 = in1+n2+1 = in1+n2+n3+2 = · · · = in1+···+nm+m−1, and ij = 0 for the re-
maining indexes j . The map ϕ extends to an embedding of K(ω<ω) onto the subspace
L = ϕ(ω<ω)∪ {t ∈ 2ω: t (i) = 1 for infinitely many i}∪ {∞}
of K(2<ω). The complement K(2<ω) \L is countable, but by Corollary 3.5, there is no extension operator C(L) →
C(K(2<ω)) continuous in the pointwise topology. The same is true also for the weak topology in the function spaces,
therefore, there is no norm-continuous linear extension operator C(L) → C(K(2<ω)), cf. [21, 6.6] and [25].
7.3. The (weak-norm)-λ-spaces
A topological X is a λ-space if each countable set in X is a Gδ-set, cf. [18].
We shall say that a Banach space E is a (weak-norm)-λ-space if for each norm-σ -discrete set M ⊂ E, (M,weak)
is a λ-space.
One readily checks that (weak-norm)-perfect Banach spaces are (weak-norm)-λ-spaces (Proposition 3.2 shows that
for function spaces C(K) on AU-compacta these notions are equivalent).
The property of being a (weak-norm)-λ-space is invariant under homeomorphisms in the weak topology between
Banach spaces, cf. [22], but it is not clear if the same is true for the (weak-norm)-perfectness. Some pertinent results
were obtained by Oncina [24].
7.4. Topological types of function spaces associated with almost disjoint families
As we noticed, the spaces (C(K(2<ω)),weak) and (C(K(ω<ω)),weak) are not homeomorphic. In fact, a modifi-
cation of a reasoning from [19, Lemma 4.3] shows that there is a collection M of almost disjoint families on ω, with
|M| = 22ℵ0 , such that no two distinct spaces (C(KA)),weak), A ∈ M, are homeomorphic, cf. [17, Question 5].
Similar result can be also proved for the Johnson–Lindenstrauss spaces.
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